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Abstract: A bi-objective programming has been proposed for dealing with decision process involving two decision makers.
In this paper, a bi-objective programming problem in which both objective functions are definite quadratic is considered. The
feasible region is assumed to be a convex polyhedron. Solution methods namely; using KKT Conditions is developed.
Illustrative examples for the method are presented and theorems and facts to support the method are also discussed. The
solution of the examples are obtained using a LINGO (15.0) mathematical software.
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1. Introduction
1.1. Background of the Study

A general optimization problem is to select n decision
variables x4, X5, ..., X;, from a feasible region in such a way as
to optimize (minimize or maximize) the objective function
f(x1,%5,...,x,) of the decision variable. The problem is
called a non-linear programming problem (NLP) if the
objective function is non-linear and/or the feasible region is
determined by non-linear constraints.

Interest in non-linear programming has grown
simultaneously with the growth of linear programming. Kuhn
and Tucker developed a necessary and sufficient condition
for the existence of an optimal solution to a non-linear
programming problem, which is a basis for further
development in the field.

A simple subclass of non-linear programming problem is a
one in which the objective function is non-linear but the
constraints are all linear. This gives rise to a variety of
problems depending up on the nature of the objective
function.

When the objective function is given by Z =d + CX +

%X TQX, the problem is called a quadratic programming

problem.
Given linear constraints, optimal solution of a general non-
linear programming problem may not always exist at an

extreme point. In fact, a study of the nature of the objective
function is necessary to predict this.

A numerical function f defined on a convex set S € R" is
said to be convex if for each x;,x € S and 1 € [0,1] such that
fOx+ 1 =Dxy < f) + (1 = Df (xp).

A numerical function f defined on a set S € R™ is concave
on S if and only if the function —f is convex in on S.

A numerical function f is said to have a local or relative
maximum at x, € S if 3§ > 0 such that f is defined for all
points of ||x — x,|| < & and f(x) < f(x,) for all points. f is
said to have a global maximum at x, € S if for all x €
S, f(x) = f(xo0).

Algorithms for solving a general mathematical
programming problem approach systematically to a local
optimal solution. Under appropriate assumptions, a local
optima can be shown to be a global optima. For instance,
when the constraint set is a convex polyhedron and the
objective function is convex (concave), the local minimum
(maximum) is also a global minimum (maximum) [5].

Single objective decision making method reflect an earlier
and simpler era. The world has become more complex as one
enters the information age. One can find that almost every
important real world problem involves more than one
objective. Since the goals or objectives might be conflicting
with each other, no single optimal solution can be found and
the optimization problem becomes finding the best
compromise solutions [5].
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The general Multi-Objective Programming problem [9] is
defined as

max Zy = f1(X)
max Z, = f,(X)

max Zy = fi.(X)
subjectto X € S )
A bi-objective problem formulated as follows:
"5 @
%L (X)
subjecttoX € S

where f; and f, are the first and the second objective
functions respectively and S is constraint set.

Quadratic Programming Problem

A quadratic program (QP) is an optimization problem
wherein one either minimizes or maximizes a quadratic
objective function of a finite number of decision variable
subject to a finite number of linear inequality and/or equality
constraints. A quadratic function of a finite number of
variables X = (%, X5, ..., X,)T is any function of the form

fOO) = a+ T 6x+5 00 I dig aeyg ()

Using matrix notation, this expression simplifies to

f(X)=a+CTX+%XTQX ()
@ Gi1 G2 7 Din
where C = and Q = qfl q?z ) an
tn n1 9n2 ' qnn

without loss of generality, assume that Q is symmetric matrix
since

XTQ0X = (XTQX)" = XTQ"X = %(XTQX +XTQTX) =
xT (M) X,
2

and so it is free to replace the matrix Q by the symmetric
+QT

matrix &2, Henceforth, the matrix Q is symmetric.

The general quadratic programming problem can be
written as

(QP): maximize f (X) = CTX +>XTQX (5)
subject to AX( i )B and X =0

If constant term exists, it is dropped from the model since

it plies no role in the optimization step. The decision
variables are denoted by the n-dimensional column vector X,
and the constraints are defined by an (mXn) matrix A and
an m-dimensional column vector B of right hand side.

1.2. Statement of the Problem

Different researchers used different methods for solving
BOQP problems, but the method that they used is so lengthy
and in addition to this, most of them use linearization
technique, this creates an approximation error. So, the
researcher was trying to answered the question that; can we
solve definite quadratic bi-objective programming problem
by KKT condition easily.

1.3. Significance of the Study

This study will give a direction towards definite quadratic
bi-objective programming problems to anybody or any
organization to solve their real life problems (or whatever
any problem) which are modeled as definite quadratic bi-
objective programming with constraint region determined by
linear constraints.

1.4. Objective of the Study

The general objective of this study is to solve the definite
BOQP problem with constraint region determined by linear
constraints by KKT conditions.

The study is intended to explore the following specific
objectives

a) To discuss definite quadratic bi-objective programming

problem;

b) To discuss KKT conditions, and to solve the definite

BOQP.

2. Research Methodology

This research work involve in collecting the information
about solving definite quadratic bi-objective programming
problem in which KKT conditions focused, from
optimization books, optimization journals, and searching
other materials and references from the internet. The
collected material and the techniques or methods used by
authors in relation to KKT conditions are examined.

a) Important theorems and facts to support the methods are

discussed.

b) The definite quadratic bi-objective programming
problem is changed into single programming problem
by using KKT conditions. Then after changing in to
single programming problem LINGO (15.0) was
applying to solve the problem.

3. Definite Quadratic Bi-Objective
Programming Problem

A quadratic program
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1
maximize f(X) = CX +EXTQX

Subject to AX < Band X = 0 where Q is symmetric is
said to be definite quadratic if XT QX satisfies one of the
following concepts

i. positive definite if XTQX > 0 for all X # 0,

ii. positive semi definite if XTQX > 0 for all X,

iii. negative definite if XTQX < 0 forall X # 0,

iv. negative semi definite if X7 QX < 0 for all X.

However, it is difficult to determine the value of X easily,
so we use the following concepts:

i1 q1z " Qin
LetQ = q?l q?z . q?n , the n determinants
n1 anz q nn
11 G2
Dy =|qy1|,D; = |qu q22|.---, n =
du1 Gz 7 din
qfl qu ; "| are called the leading principal minors
dn1 9n2 - Yqnn

of a matrix Q.

Instead of the above four concepts, we can use the
following criteria to determine the definiteness of the
quadratic program. i.e.

i. positive definite if and only if D, > 0,D, >0, ..., D,, >

0 that is all principal minors are strictly greater than
zero,

ii. negative definite if and only if D; < 0,D, > 0,D3 <
0, ... that is all principal minors alternate in sign starting
with negative one (or the value of the K" leading
principal minor has the sign of (—1)¥),

iil. positive semi definite if and only if all principal minors
are greater than or equal to zero,

iv. negative semi definite if and only if all principal
minors of odd degree are less than or equal to zero, and
all principal minors of even degree are greater than or
equal to zero.

A Dbi-objective programming problem, which both the
objective functions are definite quadratic is called definite
quadratic bi-objective program. Consider the following
definite quadratic bi-objective programming problem.

(BOQP): & f,(X,Y) = "X + bTY + (XT,YT)P ()Y() (6)

e f(0Y) = pTX + 7Y + (Y0 (7)

Subjectto AX + BY < Cand X,Y =0
Where X €ER™,Y € R"2;a,p € R™; b,q € R"2; C €
R™; P and Q are (n; + n, )X(ny +n,) real symmetric

T
definite matrices and with Q = (81 %2 ) A and B are
2 3

mXn, and mXn, matrices respectively. The second

objective function becomes

mELRXY) =p X +q7Y + (XTYT) (82 QQZZ) ()

TMELXY)=p"X+q"Y + XTQ. X
+YTQ,X + XTQ,"Y +YTQ,Y
=p"X+q"Y + XTQ, X +2X7Q,"Y
+YTQ,Y,since YTQ,X = X7Q,"Y.
= "ELHX,Y) =p"X +(q+20Q,X)"Y
+XTQ X +YTQ,Y.

Therefore, f, can be written as YTQ5Y + (q + 20,X)TY +
XTQ X +p'X.

If a constant term exists, it is dropped from the model
since it plies no role in the optimization step. So X is fixed
prior to the maximization of f,, because of the fact that the
second objective function the decision variable Y only.

The second objective problem is equivalent to

PX):MEHMX,Y) =YTQsY + (g +2Q,X)Y  (7)
Subjectto BY < C —AXandY =0

Therefore, problem BOQP becomes equivalent to
(BOQP): " fi(X,Y) =a"X + b"Y + (X",YT)P ()}5) ®)

L& Y) = YTQ3Y +(q+ ZQZX)TY

Subjectto BY < C —AXandY = 0.

In this study, the researcher assumed that bi-objective
programming problem is considered; the objective functions
are convex with positive semi definite matrices P and Q on
minimization type of problems and the second objective
function controls the decision variable Y only. On the other
hand, the researcher was assumed to be concave objective
function with negative semi definite matrices P and Q on
maximization type of problems and the second objective
function controls the decision variable Y only with convex
polyhedron region determined by linear constraints.

The aim of doing this research was solving the definite
quadratic bi-objective programming problems by using KKT
conditions and lingo (15.0) mathematical software. So, it is
obligate that knowing the concept of Karush-Khun-Tucker
Conditions.

Karush-Kuhn-Tucker  Conditions: The  Lagrange
multipliers can be used to develop optimality criteria for the
equality constraint. Khun and Tucker extend this theory to
include equality and inequality constraint problems i.e.

max f (X) ©
s.tgiX)<0forj=1,2,..,]
h,(X)=0fork=1,2,..K.

Kuhn and Tucker developed the necessary and sufficient
conditions for the NLP problem by assuming f, g; and hy
are differentiable. The general NLP problem is given by

max f(X)
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s.itg;(X)<0forj=12,..,]
h(X) =0 fork =1,2,..K,

where f is nonlinear or/and g; and hy, are nonlinear.
To solve this problem, we write the Lagrange function:

(X, U, V) = f(X) = %}, Uj g;(X) = ZK Vi hye(X) (10)

To find the critical point of [, % =0fori=12,..n.

The KKT conditions are stated as:
X(NXI)’ U(lX]) and V(lXK) that Satisfy

Find vectors

VFX) =X Uy Vg;(X) = SK Vi Ve (X) = 0 (11)
giX)<0forj=12,..,]
he(X)=0fork=1,2,..,K
Uigi(X) =0forj=1,2,..,]

Uyz0forj=12..,]

Observe that for the minimization problem, all one needs
to do is to change the minus sign in the Lagrange to plus,
because finding a minimum for fis the same as finding a
maximum for —f.

Note that the above KKT condition is a necessary
condition (in general) but is also sufficient for convex
problems.

Theorem 3.1: (Kuhn-Tucker Necessary Theorem)

Consider the NLP problem and let f, g; and h; be
differentiable functions and X* be a feasible solution to the
NLP problem. Let I = {j: giX) = 0}.

Further, Vg;(X*) for j € I and Vhy (X™) for k =
1,2,...,K are linearly independent. If X* is an optimal
solution to the NLP, then there exists (U*, V") such that
(X*,U", V") solves the KT problem.

Proof: The proof of theorem 3.1 found on [7].

The conditions Vg;(X*) for j € I and Vhy(X™) for k =
1,2,...,K are linearly independent at the optimum is known
as the constraint qualification and this constraint qualification
holds in the following cases:

i. when all the constraints are linear

ii. when all the inequality constraints are concave

functions and the equality constraints are linear and
there exists at least one feasible X that is strictly inside
the feasible region of the inequality constraints. In other
words, there exists an X such that

gi(X) <0 forj=12,..,]and h(X) =0
fork=1,2,..,K.

Note that when the constraint qualification is not met at the
optimum, there may not exist a solution to the Kuhn-Tucker
problem. Therefore, do not apply the Kuhn-Tucker optimality
conditions when the constraint qualification is not met.

We know that a quadratic programming problem is a
special type of the NLP problem that one either minimize or

maximize a quadratic objective function subject to linear
constraints. Therefore, we can apply the Kuhn-Tucker
optimality conditions because the constraint qualification is
fulfilled since the constraints are linear. Depending on this
reason, let us consider the following optimality conditions for
the quadratic programming problem.

Consider the quadratic programming problem

Q ™ (X) = CX +5XTQX (12)

sstAX<bfor0<X

A pair (X,U) € R"XR™ is said to be a karush-kuhn-
tucker pair (or KKT pair) for the quadratic program Q, if and
only if the following conditions are satisfied:

0 < X,AX < b (primal feasibility)
0<U,0<C+QX+ATU (dual feasibility)
0=UT(AX — b),and
0=XT(C+ QX + ATU) (complementarity)

Theorem 3.2: (Necessary Conditions for Optimality in
Quadratic Programming)

Consider the quadratic programming problem Q, . If
X € R™ solves Q,, then there exists a vector U* such that
(X,U*) is a KKT pair for Q.

Before going to solve the optimal solution of the definite
quadratic bi-objective programming problem, we have to
check whether the solutions of a given program exist, and
unique or not. Because of this reason, consider the following
existence and uniqueness theorem.

Theorem 3.3: (Weierstrass Theorem: Existence of a
Solution)

If f:R™ = R is continuous function, and S is a non-empty,
closed and bounded subset of R™ , then there exists
X;and X, in S such that f(X;) < f(X) < f(X,) for all
XE€ES.

Proof: The proof of theorem 3.3 found on [1].

Take the idea of Weierstrass Theorem on equation P(X) of
the above lower objective function. Let S be a feasible set.
Suppose S non-empty, closed, bounded and f, is a convex
objective function, then there exists a global optimum point
for f,.

Theorem 3.4: (Uniqueness of a Solution for P(X) )

Suppose S is non-empty, closed, bounded and convex subset
of R™ and suppose that f, is strictly convex (concave) function
on S. Then there exists X* € S such that f,(X*) < f,(X)
(respectively, f,(X*) > f,(X) ) forall X € S where X # X™.

To assure that KKT optimality conditions are both
necessary and sufficient for obtaining the global optimum of
the inner problem, consider the following theorem.

Theorem 3.5: (Necessary and Sufficient Condition for
Optimality in Convex QP problem P (X))

If Q is symmetric and negative semi-definite, then
(X,Y) solves P(X) if and only if there exists W such that
(X,Y,W)is a KKT pair for P(X).

Proof: The proof of Theorem 3.5 found on [4].
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Consider BOQP; and apply KKT conditions on the second
objective function programming problem by considering X as
fixed. i.e.

The lagrangian function of the second objective function
programming problem is

LIX,Y, W) =Y"QsY + (q + 2Q,X)"Y

~WT(AX + BY = C) (13)
Then
OL(X,Y, W) 0
Yy -
WT(AX+BY —C)=0
AX+BY <C
20,X +2Q;Y +q=B"W

=91 WTAX+BY)=WTC (14)

AX+BY <C

where W is Lagrange multiplier
By considering (14) as a constraint function for the first
objective function programming problem, we get

max £ (X,Y) = a’X + bTY + (XT,YT)P ();)
AX +BY < C
M: WT(AX + BY) = W'C (15)
20,X +20Q5Y +q = BTW
X,Y,W =0

We have that (M) is a single level maximization problem
with one quadratic objective function and the constraints are
nonlinear. Now we can solve problem M by Lingo (15.0)
software because of the fact that this software is appropriate
for solving the optimal solution for such likes of problems.

Therefore, the following necessary and sufficient
optimality for BOQP; (theorem 3.6) is clarified that the point
that solves the problem (M) is an optimal solution to the
quadratic programming problem BOQP;

Note: An optimal solution is a feasible solution that has a
maximum objective function value for maximization type of
problem or a minimum objective function value for
minimization type of problems.

LetS ={(X,Y):AX + BY < C;X,Y = 0}, and S assumed
to be closed and bounded.

For problem BOQP;, the first objective function solution
space is given by

T = {X € R™:there exists Y such that (X,Y) € S}.
The second level solution space given by
S(X) = {Y € R™: (X,Y) € S}.

For each XeT,YX)={yresX):,(X,Y) =
max e (X,Y)for a given X} denotes the set of optimal
solutions to the second objective programming problem.

S={X,Y):(X,Y) €S, Y € Y(X)} denotes the set of
solution points to BOQP; and is called the induced region of

problem BOQP;.

A point (X, Y™) is said to be optimal to problem BOQP; if

i. X, YHeES

ii. QXY =X Y)VXY)ES

Theorem 3.6: (Optimality Condition for BOQP;)

(X*,Y*) is an optimal solution to the quadratic
programming problem BOQP; if and only if there exists a
vector W* € R™ such that (X", Y™, W™) solves the following
nonlinear programming problem.

M-
mEAHXY)=a"X +bTY + (XT,YT)P ();)

AX+BY <C (16)

WT(AX +BY) =W'C (17)

20,X +2Q3Y +q = B™W (18)

XY, W=0 (19)

Proof: Let (X*,Y™") be an optimal solution to BOQP;. Then
(X*,Y*) € S and

XY = (X, Y)V(X,Y) €S. This implies that Y*
solves the relaxed second objective function given by

B (x): M (X, Y) = YTQ3Y + (g + 2Q,X)Y
Subject to
BY <C—-AX"andY =0

Therefore, by Kuhn Tucker necessary conditions, there
exista W* = 0 such that

w* (AX* +BY* =€) =0
20,X* + 205" +q—BTW* =0
AX* +BY* < C

which implies that (X*,Y*,W™) is a feasible solution to
problem M. We will show that it is an optimal solution to M.
If (X*,Y",W") is not an optimal solution to problem M, then
there exists (X,Y,W) satisfying (16)-(19) and f;(X,YV) =
fi(X*,Y*). As Q is a negative semi-definite problem B.(x) is
a concave maximization problem. Therefore (16)-(19) are
sufficient conditions for ¥ to be an optimal solution. Hence
YeY(X) and f;(X,Y) = fi(X*,Y*). This contradicts that
(X*,Y*) is optimal to problem BOQP; . Therefore,
(X*,Y*,W™) is optimal to problem M. Conversely, assume
that there exists a W* € R™ such that (X*,Y", W") solves M.
We will show that (X*,Y™) solves BOQP;. As shown above
Y*€Y(X*). For any (X,Y) €S,Y € Y(X) implies that Y
solves P(X). So, by Kuhn Tucker necessary conditions, there
exists a W = 0 such that (16)-(19) hold. Thus (X,Y,W) is
feasible to M and hence f;(X*,Y*) = f;(X,Y), which proves
that (X*,Y™) solves BOQP;.

The stepwise description of the method that of solving the
optimal solution of definite quadratic bi-objective
programming problem using KKT conditions is as follows:

Given a definite BOQP;
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maEf0Y) = "X+ bTY + (N YDP(F) o)

max £, ¥) = pTX +q"Y + (X7, y"e (§)

Subjectto AX + BY < Cand X,Y =20

Step 1: Formulate the single objective problem by
applying KKT conditions on the second objective function by
considering X as fixed

mEAOGY) = X+ 6TV + (TP (3)
AX+BY <C
M: WT(AX + BY) = W'C
X,Y,W >0

€2y

where, W is Lagrange multiplier

Step 2: Solve problem M by LINGO (15.0).

Example 3.1. Consider the following definite quadratic bi-
objective programming problem

MEAXY) = 6X 4+ 3Y — X2 —Y?

maxe (X Y) = X + 5Y — Y2

2X+Y <6whereX,)Y €ERand X,Y =0

The lagrangian function for the second objective function
is
L(X,Y, Wy, Wy, W) =X +5Y —Y?> —W,;(X+Y —5)
—W,(3X +2Y—-9)-W;(2X+Y —6)

First, apply KKT conditions on the second objective
function by considering X as a fixed.

OL(Y, Wy, W, W5 )

F1% B

W,(X+Y—=5)=0

0

W,3X+2Y-9)=0
W;2X+Y—-6)=0
X+Y <5
3X+2Y<9
2X+Y <6
XY, W, W,,W; =0, where W;,W,,W; are langrage

X+Y<5 multipliers.
3X+2Y <9
WX +Y)+W,(3X +2Y) + W;(2X +Y) =5W, +9W, + 61/,
= X+Y<5 (22)
3X+2Y <9
k 2X+Y <6
By taking (22) as a constraint function, then we can get the following problem
mAX,Y) =6X+3Y —X*—Y?
2Y+W1+2W2+W3:5
X+Y<5
3X+2Y <9
2X+Y <6

If X,Y,W;, W,, W5 solves (23), then X,Y is the optimal
solution of the definite BOQP problem. By using LINGO
(15.0) software, we can get the optimal solution of problem
(23), so the solution of (23) is (X,Y, W, W, W) =
(2.308,1.038,0,1.462,0) and it is really satisfies all
systems of (23). Therefore, X = 2.308 and Y = 1.038 are
the optimal solution of the definite quadratic bi-objective
programming problem and the value of the objective
functions are

f, = 6.421, and f, = 10.558

Example 3.2. Consider the following quadratic bi-objective
programming problem

mRAX,Y) =3X2 +4Y2 —2X - 2Y

ming (X,Y) =5X2+2Y2—X -2V
2X+Y =2
X+3Y<7
X,Y=0

Applying KKT conditions on the second objective
problem, then the corresponding quadratic programming
problem is

mef(X,Y) =3X2 +4Y2 —2X - 2Y
4Y — W, +3W, =2
Wy (=2X —Y) + Wy (X + 3Y) = TW, — 2W,
2X+Y =2
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X+3Y<7
X, Y, W, W, =0

Where W; and W,are langrange multipliers. Then by using
LINGO software we have, (X,Y, W;,W,) = (0.75,0.5,0, 0),
from this X = 0.75 and Y = 0.5 are the optimal solution of
the definite quadratic bi-objective programming problem and
the value of the objective functions are f, = 1.563 and
f1 =0.188.

4. Conclusions and Recommendation
4.1. Conclusion

In this paper, the researcher used KKT conditions. Finally,
using LINGO (15.0) software the problem was solved.
Numerical examples were considering to show the efficiency
of the proposed algorithm. The KKT conditions is simple to
find the optimal solution of BOQP Problems.

4.2. Recommendation

In this paper, KKT conditions is proposed to solve definite
quadratic  bi-objective programming problems. These
techniques can easily extend for definite quadratic bi-
objective fractional programming problems.

References

[1] Benoit C. Chachuat. 2007. Nonlinear
optimization, IC-32: Winter Semister.

and dynamic

(2]

(3]

(4]

(3]

(7]

(8]

(9]

[10]

Etoa, J. B. E. 2011. Solving quadratic convex bi-level
programming problems using a smooth method, Applied
Mathematics and Computation, 217 (15): 6680-6690.

Hosseini, E. and Isa Nakhai, I, K. 2014. Taylor approach for
solving nonlinear bi-level programming, 3 (11): 2322-5157.

Jin Hyuk Jung. 2008. Adaptive constraint reduction for
convex quadratic programming and training support vector
machines, University of Maryland.

Kalyanmoy Deb. Multi-objective  optimization — using
evolutionary algorithm, Indian Institute of Technology,
Kanpur, India, 48-53.

Liu, G. P, Yang, J. B. and Whidborne, J. F. 2003. Multi-
objective Optimization and Control, Research Studies Press
LTD. Baldock, Hertfordshire, England, 73-82.

Maria M. Seron. 2004. Optimality condition, Center for
Complex Dynamics Systems and Control, University of
Newcastle, Australia.

Narang, R. and Arora, S. R. 2009. Indefinite quadratic integer
bi-level programming problem with bounded variable, Journal
of Operational Research Society of India (OPEARCH), 46 (4):
428-448.

Ritu Arora and S. R. Arora. 2009. Indefinite quadratic
programming problem with multi-objectives at both levels,
International Journal of Optimization: Theory, Methods and
Applications, 1 (3): 318-327.

Wang, Y. P. and Li, H. C. 2011. Agenetic algorithm for
solving linear-quadratic programming problems, Advances
Materials Research, 186: 626-630.



